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Spiral Breakup in Excitable Tissue due to Lateral Instability
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In a simple two-component model of excitable tissue a spiral wave is found to break up into a
large number of small spirals. More specifically, we used a modified FitzHugh-Nagumo model. Spiral
breakup is found to occur when the recovery variable diffuses at a high rate. The breakup is caused
by lateral instability of the wave front. We analyzed this instability using quasi-one-dimensional
computations and found that it could be connected to a negative eikonal-curvature relation for the
parameter values at which spiral breakup occurs. [S0031-9007(97)02568-4]

PACS numbers: 87.10.+e, 05.45.+b, 82.20.Wt, 82.40.Bj

Recent studies have demonstrated that spiral waves thefined. The diffusion term is given by = % + k%,
excitable media can be generated by a phenomenon calletherek is the curvature and the direction perpendicular
spiral breakup [1-8]. This phenomenon was discussetb the wave.
recently in connection with the mechanisms of cardiac We used the following model for an excitable medium,
fibrillation [9,10]; spiral breakup has also been found inbased on piecewise linear “Pushchino kinetics”:
experiments with the Belousov-Zhabotinskii (BZ) reaction

[11-15]. The mechanism has been discussed in several de

s = de—fle) — s,

papers [5-7]. It was found to occur in models that d

show spatiotemporal instabilities of wave trains in one- g

dimensional (1D) excitable media. The mechanism of 9 DgAg + (e, g) (ke — g), )
this 1D instability is believed to be associated with the

restitution properties of excitable tissue [16,17]. with f(e) = Cie whene < e;; f(e) = —Cre + a when

However, experimental data of Markus and Stavridise; = e = e2; f(e) = Cz(e — 1) when e > ¢, and
suggest another possible cause of spiral breakup [12,134(e.g) = &1 Whene < e;; e(e,g) = &, when e > e,
In their experiments the wave fronts develop a curly shapand &(e, g) = &3 whene < ¢; and g < g;. To make
before they break down into chaos. This curly shape i¢he function f(e) continuous,e; = a/(C; + C,) and
similar to the shape that is expected to occur when the> = (a + C3)/(C, + C3). Using genetic algorithms,
wave front is laterally unstable [18]. The mechanism ofwe found the following basic parameter values at which
this instability is associated with a negative slope of thewe studied spiral breakup: C; = 43.3, C, = 6.5,
so-called eikonal-curvature relationship. In this paper weCs = 18.3, a = 0.64, k = 9.1, g; = 1.95, el =494,
report on the spiral breakup occurring in atwo—componemt;{1 =44, ande;' =2.8. The shape of the function
FitzHugh-Nagumo (FHN) model due to lateral instability. f(e) specifies the fast processes. The dynamics of the

The lateral instability of a wave front is related to recovery variableg in the model are determined by the
a change in the slope of the eikonal-curvature relationfunction (e, g). In &(e, g) the parametee; ' specifies
ship. This relationship expresses the normal velokity the recovery time constant for relatively large values of
of a wave as a function of its curvatuke Convex and g and intermediate values ef This region corresponds
concave waves are defined by> 0 andk < 0, respec- approximately to the wave front, wave back, and to the
tively. It is possible to derive the following relationship absolute refractory period. Similarlg; ' ande; ' spec-
for waves with a small curvatureV = V, — Dk, where ify the recovery time constant for large valuesefand
Vo is the velocity of a planar wave, anbl a constant for small values of and g, respectively. These regions
usually referred to as the effective diffusion coefficientcorrespond approximately to the excited period, and to
(Defr) [19]. Wave instabilities occur iDqg is negative  the relative refractory period, respectively. The dynamics
[18]. Therefore we studied the dependence of the veloosf ¢ at the wave front and wave back are slow, but during
ity of the front on its curvature in a modified FHN model the excited and the relative refractory period the dynamics
[6] in which we incorporated diffusion for both the recov- are faster. The only difference between this model and
ery and the activator variable. We computed the value ofhe previous model [6] is that this model incorporates
D¢ from this dependency, and by using a genetic algodiffusion of both the activator and the recovery variable.
rithm we were able to find parameter settings for which For numerical computations we used the explicit Euler
Desr < 0. To determine the eikonal relationship, and tomethod with Neumann boundary conditions. To deter-
calculateD.¢¢, we used fast quasi-1D computations of themine the velocity of waves with a fixed curvature, a wave
eikonal equation with constant curvature of the wave [19]was initiated in the linear grid, and its velocity was mea-
In this equation, curvature and direction of motion are presured after it had become constant. This procedure was
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repeated for different curvatures. To initiate the first spi-for a wide variety of space stef@05 = h, < 0.85). We

ral in a rectangular grid we used initial data correspondingtudied the stability of spiral breakup at various spatial

to a broken wave, the break being located in the middle oand time integration steps, and found that the patterns
the excitable tissue. were similar for different degrees of calculation precision,

We found that spiral breakup occurred spontaneouslyut the value of the paramet®, at which spiral breakup
in the excitable media at high values Of,. Figure 1  occurs increased as the calculation precision increased.
shows the evolution of a spatial pattern in a medium withWe found that ak, < 0.2 the shift saturated.

D, = 2.55. The spatial pattern starts to form as soon as The mechanism of such breaks is due to the lateral
one spiral wave has developed. This spiral makes severalstability of wave fronts. Figure 3 shows the relation
rotations [Fig. 1(a)]. The spiral wave becomes perforatedetween velocityy of a wave and its curvaturke at the

[Fig. 1(b)], then becomes more and more perforated, andame parameter values at which we find breakup. We
breaks into several interacting spiral waves of differensee that, fork < 0.3, velocity increases with increasing
sizes [Fig. 1(c)]. Finally, when there is a high densitycurvature, i.e., the wave front here is unstable because
of small spirals, the pattern becomes relatively stablef the lateral instability. Fok > 0.3, velocity decreases
[Fig. 1(d)]. These spirals are randomly distributed inwith increasing curvature and wave fronts are stable again.
space, but their centers remain in approximately fixedlhe spiral cores are stable because they have the highest
positions. curvature.

The process by which the spirals in our case were The observation that, for small curvatures, velocity
formed is shown in Fig. 2. The initial plane wave front increases with curvature can be understood from a cross
becomes unstable. In particular, part of the wave fronsection through the wave. The insets of Fig. 3 show the
becomes retarded, the delay increases, and finally thealues ofe andg in such a cross section, for a straight and
wave breaks up and an excited spot is formed. This spa convex wave, respectively. The velocity of a straight
interacts with the following wave and creates two wavewave is restrained by ahead of the wave front. On
breaks, which develop into two spiral waves. the other hand, in the case of a convex wave, the influx

The breakup that occurred in our model was not due t@f g into the region before the wave front is smaller,
discrete properties of our medium. We did computationsvhich leads to relatively low values @f and faster front
propagation. This phenomenon is expected to be fairly
general for excitable media with a high diffusion of the
recovery variable [18].

By applying regression analysis to the slope around
k =0 we calculated theD. [Fig. 4(a)]l. At D, =
2.12, D¢ = 0. Spiral breakup is found whel.y; <
—1.2, i.e., at2.5 <D, <2.6. At higher values of
D,, propagationless patterns are found. We observed
several types of propagationless patterns with static and
oscillatory behavior, comparable with and occurring in
the same succession as the patterns described by Ohta,
Mimura, and Kobayashi [20].

We studied the dependence of the lateral instability
and spiral breakup on the parameters of the excitable
medium. We computed two values of, for different
parameter settings. The first valtB,,) is the value of

FIG. 1. The spiral breakup in model (1). The snapshots are at ‘ ‘ .
time (a)t = 144, (b) + = 208, (c) r = 252, and (d)r = 608. -

Numerical integration was done with space skgp= 0.15, and (a) (b) (c) (d) (e) (f)

time steph, = 0.0011, on a grid of 1333 X 1333 elements.

Black represents the excited state of the tiseue> 0.6), dark  FIG. 2. Development of spiral breakup due to lateral instabil-
gray shows the region wherg > 1.95 (close to the absolute ity. Enlargement of Fig. 1 region where first breakup occurred,
refractory state), and intermediate shading from gray to whiteneasuringl72 X 352 elements. The snapshots are at time (a)
shows different levels og, 0.3 < g < 1.95 (estimate of the ¢ = 140, (b) r = 144, (c) r = 148, (d) t = 152, (e) t = 156,
relative refractory period). and (f)r = 164. Gray-scale coding is the same as in Fig. 1.
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of lateral instability can be made by using the value of

22 - 4 D,>. ForD,, > 1.2 we observed lateral instabilities.
Nole Low values of D,,, at which there was no lateral
1.8 | ) instability, were found for media with low excitability.
15 Low excitability can be caused by a high threshold

(parametera high), by a rapid increase of during the
excited period (parametet high, or parameters:; ',
g, !, or C3 low), or by entering the refractory period
at low values ofg (parameterC, low). For example,
for “basic” parameter values and numerical precision as

0.6 given in Fig. 4(b),D,>» = 1.98, while D,, = 1.2 whena

Y0 05 1 15 2 25 is changed to 0.98, dr to 17.3, ore; ' to 2.7, ore; ' to

Curvature 1.9, orC;t0 5.1, orC, to 5.1.
FIG. 3. The relation between curvature and velocity of a At higher values ofD,,, the interval of values oD,
wave. The insets show the values ef (solid lines) and for which we have lateral instability increases. However,
g (dashed lines) in cross sections through the wave; (a) fotateral instability does not necessarily lead to spiral
a straigsht wave, "i[‘”,:?' (b) for a qoonvex weve. with dcugvfé%';)ebreakup for several reasons. First, a large refractory
elem%nté. N?Jnr:]%l;igalloirr]]?eggtieon?Ar/]aes?ﬂeasallrrf: [slg r|In l?ig. 1. period prevents spiral b reakup, even yvhen the Waviel front
is laterally unstable [Fig. 5(a)]. This is found wheg
is high org; is low. In our case, if we increased ' to

D, at whichDgr = 0, and the second valu®,,) is the 10, or decreaseg; to 0.9, spiral breakup disappeared.
value of D, at which propagationless patterns are foundjt explains why spiral breakup by lateral instability is
The procedure was the following: We changed the valuglifficult to find in models with only one, slow, time
of one parameter and, by varying the value®df, we  constant for the recovery variable. Second, a large size
found the valued,, andD,,. The results are shown in of the excited region, i.e., whewe> 0.6, prevents spiral
Fig. 4(b). For example, for “basic values” of parameterspreakup [Fig. 5(b)]. In these cases the instability is not
and numerical precision as given in the figure caption,
we get propagationless patterns/at = 1.98 and lateral
instability (Dery < 0) at D, = 1.68 [large open circle in
Fig. 4(b)]. We changed nine parameters, and found that
all nine lines ofD,(D,>) are located in a small region.
The differences irD,; are less than 10% fdb,,» < 3 and
less than 20% foD,, > 3. Hence we can conclude that
lateral instability is a general property of this model. We
can also conclude that a good prediction of the occurrence
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FIG. 4. (a)De, calculated with a regression analysis for= (d)

0. For2.15 < D, < 2.6, D has a negative sign. Fa@y, > .

2.6, only stationary patterns are found. Numerical integrationt!C- 5. (a) Spiral breakup prevented by large refractory
was the same as in Fig. 3. (b) Lowest valuelxf at which period; g1 = 0.9, D, = 1.93, and Dt = —1.5. (b) Spiral
propagationless patterns are fouit},) against the value ab, ~ breakup prevented by a large size of the excited regigh;=

at which D¢t = 0 (D,,) for 4346 different parameter settings. 2.0, D, = 2.08, and De = —1.4. (c) Chaotic pattern of
Every time one parameter was changed, the other parametemppearing and disappearing spirais; = 1000.0, D, = 245,
were kept at the basic values. The large open circle shows thend D.;y = —4.4. (d) Stable spirals found in the autocycling
position for basic values. Numerical integration was done withregime; C; = 1.8, D, = 2.6, and D¢y = —7.5. Numerical
space stepr, = 0.45, and time step:, = 0.010, on a linear integration was the same as in Fig. 4(b), on a gridi¢f X
grid of 444 elements. 444 elements. Gray-scale coding is the same as in Fig. 1.
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strong enough to form new spirals. This is also the case Although lateral instabilities of wave fronts have not
partially because the large excited region is accompaniebleen described earlier in models for excitable media, they
by a large refractory period. A large excited regionhave been found in bistable systems [22,23]. Horvéath
is found when the threshold is low (parametedow), et al. found an unstable wave front but no spiral breakup
when the increase ¢f during the excited period is slow [22]. Hagberg and Meron showed that lateral instability
(parameterk low, or parameters;, ! or C; high), when made turbulence possible through Ising-Bloch front bifur-
the system enters the refractory period at very high valuesations [23]. An analytical study of other types of spatial
of g (parametelC, high), or when there is a fast decreaseinstabilities of wave trains was reported in [24].

of g behind the excited region (parametey' low, or We expect the phenomenon of spiral breakup by lateral
parameterg, high). For example, if we increasesy'  instability to be not uncommon in excitable media and
to 7.1, C; to 90.0, orC, to 7.9, or decreased to 0.34, that it is probably easy to find comparable behavior in
k to 6.5, ore;' to 2.0, breakup disappeared. Third, if other models of excitable media with nonfixed time scales
g1 or C; are high, the refractory period is large, but for the recovery variable.
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